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ABSTRACT

A classification of discrete contours via signatures is
studied. Two algorithms to compute the signature are
developed. In the first algorithm a multidimensional
sorting is used. The second algorithm is based on a
simple geometrical considerations. Two types of signature
are considered —the length signature and the area
signature. Statistical features based on Fourier descriptors
are derived from the signatures. In classification the
k-NN algorithm is used with k and the size of the
feature vector chosen experimentally. The algorithms are
tested on the handwritten, totally unconstrained characters
from Suen’s data base and recognition success rates of
91% and 93% are achieved for the length and area
signature respectively.

KEYWORDS: curve signature, Fourier descriptors,
contour classification.

INTRODUCTION

In many applications of pattern recognition and
digital image processing the shape of a simply connected
object is represented by its outer contour. Many shape
recognition techniques deal with the entire object boundary,
silhouette, intensity profile or range map. They include
such methods as Fourier descriptors of the object boundary
2, 6, 7, 9, 10, 11, 15, 16, 18], moments of the
silhouette [3, 14], and circular autoregressive models [8].
Among different techniques Fourier descriptors and curve
signatures are distinguished by the invariance to the
standard shape transformations such as scaling, rotation
and translation. Some functions of Fourier descriptors are
also invariant to mirror reflections and changes in the
starting point [9, 15]. In this paper we studv the shape
recognition problem using Fourier descriptors (}'D’s) derived
from the curve signatures. This approach combines the
simplicity of curve signatures with invariance of Fourier
descriptors. We wuse the length signature proposed by
O’Rourke [13] as well introducing an area signature. The
latter is shown to be more robust with respect to the
shape distortion. Efficient algorithms for computation of
curve signatures are proposed and implemented. In shape
classification features based on Fourier descriptors are
used. Fourier descriptors are derived from the signature

and are characterized by invariance to affine
transformations, mirror reflections and changes in the
starting point. We study several versions of Fourier
descriptors and compare them. The shape representation
methods proposed in this paper are tested in unconstrained
handwritten numeral recognition. Basic components of the
implemented recognition system are shown in Figure 1.

The feature extraction module consists of two
sub-modules: signature module and Fourier descriptors
module. The algorithm based on the geometrical
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Figure 1. The basic components of the implemented
character recognition system.

considerations is used to compute the length/area signature

of the numeral. The Fourier descriptors module computes

the FD’s of the numerals from their signatures. The

classification module is divided into two sub-modules as

follows:

1) k-NN sub-module to find the k-nearest neighbor using
branch and bound algorithm [4].

2) signature verification sub-module to separate distinct
numerals with similar FD’s.

In sub-module 1 FD’s are used alone while in
sub-module 2 classification is based on the signature.

CURVE SIGNATURE

Among feature extraction techniques used in shape
recognition the most popular ones are: Fourier descriptors
[7, 15, 18], boundary line encoding [10], polygonal
approximation and directional and curvature feature
extraction (see [17] for review). In this and the following
sections feature extraction methods based on the signature
and Fourier descriptors will be presented.

A signature of a plane curve is defined by O’Rourke
[13]. Let T be a continuous, directed curve in the
Euclidean plane and parametrized by its arc length t.
The signature S(t) of T' is the function which associates
each point t of I' with the length of T which is on or to
the left of a tangent line at point t —Figure 2. We als
consider the alternative version of the signature defined by
taking the area to the left of a tangent line instead of
the length to the left —Figure 3.

Among advantages of the curve signature we list its
simplicity (the signature of a polygon is represented by
the histogram) and invariance to shifts and rotations (as
long as the starting point is maintained.) The main
demerit of the signature is that it does not uniquely
identify the curve it is derived from, except for rectilinear
curves [13]. For instance all convex curves of unit length
are mapped on the constant signature at one or zerw
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depending on the orientation. Neverl:h_e!ess, curve
signature is a valuable tool in shape recognition as it is
shown in the following sections.

In this paper we consider the normalized signa?ures
obtained by dividing the value of the signature at point t
by the total length of the curve or area bounded by the

curve and by taking S*(t) = S(Lt), where L is the length
of T and t € [0, 1. We use the following formula_ to
calculate the area for the polygonal curves with vertices
‘. ‘o (x].’ yl)’ Toky Vn &= (xn’ yn)
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FOURIER DESCRIPTORS

Fourier descriptors of plane curve were first

uced by Cosgriff [1] and subsequently used by a

mber of researchers [2, 7, 9, 10, 11, 15, 16, 18]. It

Il known that the similar shapes regardless of their

and location usually fall in the same cluster in the

descriptors space wusing the Euclidean metric

i . We propose new Fourier descriptors which are

‘ from the coefficients of a Fourier series

ponding to either the length or the area signature.
nly consider polygonal curves.
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Let us assume that the curve T' has n vertices VO’

"”Vn = V, and that the edge (Vj——l’ Vj) has the length
*

Signature is a step function given by equation S (t)

E

J
Ll | . = / % . =
A c.l Aj (Lt), where AJ [ej_l, lJ], tJ kz=:1 Alk

d IA(-) is the indicator function of a set A.
ents cj denote either the length of I' to the left of
> edge (Vj—l’ Vj) in case of the length signature or the
ea of T to the left of the edge (Vj—l’ Vj) in case of

*
ea signature. Fourier coefficients of S (t) are given
e following equation:
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where i is equal to /-1.
The Fourier -coefficients a ~ may be expressed in the

magnitude-phase form as

a. = Am exp( iam)

where

A= ®%a_+ Im? am)1/2, @

el il S
Re a_ = — jz:l cj sm[L (2£j_1+ Atj)]-

mn
cos( T, Aej),

n
o=l P 015 ;
Im B = jé:l cj sin[’ i (2£j—1 + Aej)]

s (AT
sin( T Alj),
e arctan(Im a / Re am).

The Fourier descriptors are defined as {Am, am}rll. It can
be easily shown that Am’s are not only invariant to
translations, rotations and scaling (that follows from the

*
definition of S (t) and eq. (2)) but also to changes in
the starting point and mirror reflections. On the other
hand the last transformation affects the phase angles
am’s which can be used to distinguish between -curves

which are mirror image versions of each other, for
example characters 5 and 2. We will address the problem
of the choice of the number of FD’s in the following
sections.

THE ALGORITHMS FOR
SIGNATURE COMPUTATION

In this section we present the efficient algorithms to
calculate the signature of a plane curve. Algorithms 1
and 2 find the vertices to the left of the current link of
the polygon. The first algorithm  uses the
multidimensional sorting [5]. The second algorithm uses
the simple geometrical properties of a polygon. Both
algorithms use algorithm 3 to calculate the length or the
area to the left of the current link of a polygon. These
algorithms were written in Pascal language and executed
on the MicroVax II workstation. Algorithm 2 is on
average four times faster than algoritm 1.

Algorithm 1.
Description.  The algorithm presented here uses the
multidimensional sorting of [5] as follows: translate the
coordinate system origin to a polygonal vertex Pi’ i=1,

--,n, reflect each vertex Pj + Pi’ with respect to Pi
obtaining a vertex Pn + and sort the vertices and their
reflections circularly about Pi’ the order within each ray
about Pi being immaterial. In order to obtain the vertices

to the left of the current origin Pi we only have to

identify the original vertices from the ray Pin to the ray
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Pin i counterclockwise.

Pseudo-code.

Input: Pi ==(xi, yi)’ 1<i<n.

Output: Signature(i).length/area, 1< i < n.

1) For i=1, -, n do step 2 to step 8.

2) For j=1, ,n do u, = xj - X, V. =¥ — ¥
3) For j=1, --n, if (uj,vj) # (0,0) call j “good”.

4) For every good j=1, --,n let uj+n = —uj, vj+n = —v,
and sj T vj/“j’ provided that uj # 0.0 (reflect Pj

with respect to P, and find the slope of P;Pj).
5) Sort the indices {j | j is good HNJMnt+j | j is good}
into the subsets as follows
-4 | uj> 0; sj —key}
—{i|uj=0,vj>0}
-4 | uj< 0; sj —key}
- { . =0, v.< 0}.
G| uJ VJ }

6) Find the vertices to the left of the current link EI:J

by taking the original vertices going counterclockwise
from the ray containing Pj to the ray containing its

reflection Pj e

7)  Sort the vertices to the left of the current link using
the index as the key.

8)  Signaturelil.length = the length of the polygon to the
left of the current link (use algorithm 3).
Signature[i].area = the area bounded by the points on
and to the left of the current link (use eq. (1) and
algorithm 3).

Algorithm 2.

Description.  This algorithm is based on the simple
geometrical properties of a polygon. It proceeds as follows
for each link of the polygon the coordinate system is
rotated and translated so that the origin coincides with
the starting vertex of the link. The x-axis is then
aligned with the polygon link. The vertices (x, y) to the
left of the link are the ones with y > 0.0.

Pseudo-code.
Input: Pi =(xi, yi), 1<i<n

Output: Signature(i).length/area 1 < i < n.

1) For i=1, --,n do step 2 to step 6.

2) Letj=1i+ 1.

8) Translate the coordinate system OXY by the vector
OPi to the coordinate system PiX’Y’ as follows:

for m = 1, -, n do

7
X Xt = - ¥..
m m i’ Ym Ym ¥

4) Rotate the coordinate system PiX'Y' through an angle
6 about the origin Pi to the new coordinate system
PiX"Y" as follows:

for m = 1, -, n do
x"  =x_ cosf + y. sind

m i
Ym ™~ *m
5 Find and sort all vertices y"m > 0.0 to the left of

sind + y’i cosf.

the current link ?PJ of the polygon using the index

as a key.

6) Signature[il.length = the length of the curve to the
left of current link (compute the length using
algorithm 3).

Signature[il.area = the area bounded by the points on
and to the left of the current link (use eq. (1) and
algorithm 3).

Algorithm 3.

This algorithm finds:

1) the intersection points between the ray containing the
current link and the other links of the polygon.

2) the length of the line segments connecting the points
on and to the left of the current link.

Pseudo-code.

Input: Ei—Pj’ vertices to the left of the current link,
number of vertices to the left of the current link.

where PO = Pn’ and P1 = Pn+1‘

Output: the total length of the line segments or
the area to the left of the current link.
1) Let Pf and Pe be the first and the last point to the
left of the current link.
2) iff+1oresn then
begin
— let Pk be a point of the polygon such
that k = f — 1 ‘
— find the intersection between ?P_] and Ffl—)k
say PW
— find the distance between Pf and Pw (which is
the part of the link that lies to the left
of the current link)
— let Pz be a point of the polygon such that
z=¢e+ 1
— find the intersection between Pin and PePz
say Pm
— find the distance between Pe and Pm (which is

the part of the link that lies to the left
of the current link)
end
3) else find the distance between P1 and Pn.

4) Compute the length of the line segments connecting
the vertices PP ey Pe as follows:

— let Pt and Pr be two consecutive vertices to

the left of the current link such that t < r
— if t — r = 1 then find the distance between
P, and P
t r
—ift — r # 1 then
begin
— find the intersection between Pin and

Bt Y 0

— find the distance between Pt and Po

(which is the part of the link lies
to the left of the current link)

— find the intersection between -Pi—Pj and
PrPr—l say Ps
— find the distance between Pr and Ps
(which is the part of the link lies
to the left of the current link)
end.

5) Total-length = the sum of the length of the line
segments computed in step 2 or step 3 and step 4.
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Comments

Step 2 computes the length of the first and the last
line segment to the left of the current link, when not
both vertices P1 and Pn are to the left of the current

link.

In order to calculate area to the left of the current
link find in steps 1 to 4 the intersection points between
the ray containing the current link and the other links of
the polygon. Put these points in their toplogical order
with respect to the order of other vertices. Change step
5 to find the area enclosed by the polygon defined by the
vertices found in steps 1 through 4 using eq. (1).

CLASSIFICATION OF
HANDWRITTEN CHARACTERS

In this section we use curve signatures and Fourier
descriptors to classify unconstrained, handwritten numerals.
In [12] similarity measures based on the signature,
angular and positional distance are contrasted. The
‘gignature is known to be quite insensitive to such
distortions as slant and perspective. On the other hand
it does not degradate gracefully under random noise.
Nevertheless the signature is shown to be a useful tool in
character classification. We performed a recognition
experiment on 840  digitized characters representing
numerical digits O through 9, in which the learning and
testing sequences consisted of 461 and 379 characters
espectively. These characters represented a small subset
of Suen’s data base [10] of handwritten characters of 30
different styles. The samples of characters used in the
experiment with their length and area signatures are
ghown in Figures 4 and 5. The Cclassification module
(refer to introduction) consists of k-NN module and
ature verification module. In the first module a rough
ication is accomplished while in the second one the
biguous  characters are  seperated. We  have
imentally chosen the size of the feature vector and
number of nearest neighbors k which minimized the
sclassification rate. The optimal k turned out to be 5.
also looked into the effect of mixing the amplitudes
and the phase angles a. in the feature vector. We

covered that the phase angles alone behaved poorly
% succes rate for the length signature and 39% for the
signature), so we decidled to wuse only FD’s
plitudes as the features in the k-NN module. The
timal number of Am’s amplitudes was 6 for the length

nature and 9 for the area signature. With that choice
parameters we achieved 85.5% overall recognition rates
both the length and the area signature (see confusion
atrices in Table 1 and Table 2). These results compare
vourably with the literature. Using different FD’s
on and Fu [15] obtained 84.6% rate and Shridhar
d Badreldin [16] 66% rate on the set of carefully
gelected handwritten characters. A glance at the confusion
trices reveals that in many cases 6’s were misclassified
| 9s and 5’s as 2’s. The reason for this phenomenon
g in the rotational and mirror reflection invariance of
in eq (2). To remedy the problem we introduced

a differentiation scheme.

Differentiation scheme.

In order to separate the characters which are mirror
ions or rotations of one another (and consequently
identical Am’s) we use a differentiation scheme based

n the signature itself. The signature is clearly sensitive
0 reflections and changes in the starting point therefore
use it to find the set of discriminating inequalities to
ish between easily confused characters. The
itts in Table 3 and Table 4 are found
entally after tesing the large set of characters from
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the learning sequence. For the length signature we use

the follwing differentiation scheme.

—  For each character divide the domain of the signature
(step function) into four equal intervals and calculate
the coresponding areas under the signature, ;s

qy-

—  For each category count the number of times q; < qj,

oy

where 1 < i,j < 4,1 <.

—  Choose the best 3 inequalities which have the highest
count number (Table 3) to be the template for the
category.

—  Assign the character to a class with the maximum
number of satisfactions of the inequalities in Table 3.
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We use the similar differentiation scheme for the
area signature signature except that we take 6 instead of
3 inequalities and use Table 4 instead of Table 3. The
confusion matrices for the length and area signatures
using differentiation schemes are presented in Table 5 and

Table 6. The overall recognition rates using these
schemes are 91.03% and 93.14% for the length and area
signatures respectively and it clearly shows the superiority
of the area signature over the length signature. The
classification schemes for the length and the area
signatures incorporating differentiation schemes are shown
in Figure 6 and Figure 7.

Table 1. The confusion matrix of the length signature
using the amplitudes of FD’s.

numerals 0 1 2 3 4 5 6 7 8 9 misclassified
0 55 0= 0 0800 =0 CT 05 10800 0
i 1. 53 0% {04 10-55 08 10- FONE¥ON 2 3
2 0 0 30 00F 023 0= S0N 2. 1 5
3 QI 0REI0r 550 00 £A05 0F 0580 0
4 QEatds 5 i0h=17 1000 2. THOREY 12
5 0 10 53T F0ES 1050235 055103 s0(055020 3
6 00 707 (0. 0.0 22707 0 1S 15
7 0 F0SER0T S0 ™22 0 e 12 F 00 8
8 18 3000 B0l 0 0 0. 023 & 5
9 3 OTEEOE 0. 0N 0T 270 234 4

Table 2. The confusion matrix of the area signature
using the amplitudes of FD’s.

numerals QT2 ey g pehuetgieeey 8, 197 - misclassified
0 55 00 0 0 O O O O O 0
1 0} 515000 i0: L0 | 0T HI01 92501 5
2 0/ 100 345 S 0n A= TOSN0T ORS8O 1
3 0O 0 05 o0 0 0O 0 0 O 0
4 05535542 Sk 2223 80500 1 104] £0 7
5 0 0 4 0 022 0 0 0 O 4
6 0 0 2 0 0 0 17 0 0 18 20
7 0 5=0MA2 J0NS T0RN 2EV108 10 1 10
8 2% WL, 00 D000 10 ¥O0 25 S0 3
9 0710 000N R0 - e A0S oYY 5

Table 3. The differentiating inequalities for the length

signature
character inequalities

2 d9<dg, dp<qy,  93<q,
4 <4y 93<dg,  4y<q,
5 9<dg,  d9<dg,  9y<q,
6 VRt VIR Do POR Do )
7 9,94,  d9<dg,  4y<q,
9
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Table 4. The differentiating inequalities for the area
signature

character inequalities

2 91<dgr 93<dg: 9;<Uy, dp<dg, Yp<qy, Y3<Yy,
43<0g: 93<dg; 91<Uy, Yp<Ug: Y5<qy, Y5<q,
91<9p> 91<9g; 9;<4y dp>dg> g4y U3<dy
999> 47<4g, 9;>4y; 9y<dg, Up<qy, G3>q,
91>9: 97>9g: 9779y 99>d3 Up>qyr 95>y
91>9r 93<dg: 9;<Uy d9<dz Yp<qy, Yg<Yy
93>9g» 47>4g 91>Uyr 9y<d3, dp<qy, 4g<q,

© 9 O O N

Table 5. The confusion matrix for the length
signature using the differentiation scheme (from Table
3).

numerals 00 1. "2 3 4 M5 6 - 7. 8 "9 misclassified
0’ 55 - H0EEE0F05E 0. S0 0F  05ER0iSN0 0
1 185537 1081 0 TSRO MO0 =5 02T 1 3
2 0§00 32 w0ie 16 080 £ 02, =0 3
3 0 B0E50-955150. RORTONT 08550 0 0
4 OIS GESEEE 0N BEIR] S0 -2 Q¥ =0 11
5 ol 0 3 6 "0-23 "0 0 0.0 3
6 Qo020 0 207" 00 01 37,50 0 0 0
7 QEE01=0 SNOR S 2RRR0N0r 14 SE0R=SG 6
8 3 M U ) S S N S ) 5
9 12000200010, 0kl - 05e:15435 3

Table 6. The confusion matrix for the area signature
using the differentiation scheme (from Table 4).

numerals 0.1 2 3 &4 5 6 7 8 9  misclassified
0 554 (05:00; =0 S0 (050000 - 0 0
1 0F 51 o0k120. 5515 H08 - 05001202 1 5
2 05005340 T00 - R0 (0l 0 1
3 0" 0% 20. 55 0 0 -0 00 0L, 0 0
4 Ok =3\ 2R S22 a0l 021~ R0 30 7
5 0L Rt 05 0525% 00 0100 1
6 0 o 00 0 "2 35 0 00 2
7 Oiks 10 s 2 0L 0000, 0" 15 G0 3 5
8 2o AT 0 009800 - 0401 25750 3
9 (VSR RN e S AR R (s SRS il T | 2
CONCLUSION

In the paper two kinds of curve signatures are
discussed and implemented. Fourier descriptors which are
invariant to affine transformations (translations, rotations
and scaling), mirror reflections and changes in starting
point are derived for both signatures. To distinguish
between contours which are rotations or mirror reflections
of one another the differentiation scheme is implemented
We note that the area signature performs better than the
length signature both with respect to classification rate
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the
rate

and the computational complexity. It is interesting to see
how the random mnoise and other nonlinear distortions
affect the signature performance. Another open problem is
a fast parallel implementation of the signature computation
algorithm.

using FD's only (amplitudes)

incoming character is either

(’0', il 5 4R 8 J or [ 2% 9516, '9 ]

o) ) (&)

length
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